ON THE SOLVABILITY OF AN ABSTRACT EVOLUTION PROBLEM
ALONSO J. BUSTOS

ABSTRACT. This note is devoted to the proof of a fundamental result concerning the
solvability of an abstract evolution problem. It corresponds to material included in
the appendix of my undergraduate thesis [Bus25]. If these notes are cited, we kindly
request that the appendix of the thesis be referenced. The arguments follow the general
ideas in [Sho97, Chapter IV], and in particular those of [Sho97, Theorem IV.6.1(b)].
Nevertheless, our aim is to provide a self-contained proof, including all the necessary
preliminaries. We begin by recalling several definitions and results concerning accretive
operators. Next, we establish a key result on evolution equations in Hilbert spaces. We
then include an interlude describing the relationship between pre-Hilbert and semi-inner
product spaces, which offers a convenient framework for passing from just a semi-inner
product space to a Hilbert space by duality. Finally, we conclude by proving the main
result, which relies on all the preceding developments.

1. PRELUDE: ACCRETIVE OPERATORS

Let (H,(-,-)m) be a Hilbert space and let A be a relation on H, that is, A is a subset
of H x H. We define the domain, range and inverse of A as

D(A)::{er: (x,y) € A for somey e H

)

b
R(A)::{yEH: (r,y) € A forsomexEH}
A_lzz{(y,x)EHxH: (:E,y)EA},

respectively. We may view A as a mapping that assigns to each = € H the subset A(z) =
{y e H : (x,y) € A}. Then A is a function precisely when each set A(x) consists of a
single point. In this sense, we refer to A as a relation or, equivalently, as a multivalued

operator. Furthermore, we may define the operations
A = {(x,)\y)eHxH , (x,y)eA} VAeR, and
A—i—B::{(:J;,y—i—z)eHxH : (r,y)€e A and (a;,z)EB}.

We notice that D(AA) = D(A) if A # 0 and D(A + B) = D(A) N D(B). From now on, we
denote by I the identity operator.

Definition 1.1. An operator A on H is said to be accretive if, for all (x;,w;) € A,
j €{1,2}, then
(w1 —wo,x1 —22)g > 0.

Furthermore, A is called m-accretive if, in addition, R(I + A) = H.
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The following two lemmas provide characterizations of accretive and m-accretive oper-
ators. Their proofs are mainly algebraic and are therefore omitted. For further details,
see [Sho97, Corollary IV.1.3 and Lemma IV.1.3].

Lemma 1.1. The following are equivalent:
(1) A is accretive,

(2) (I +aA)~! is a contraction on R(I + aA) for all a > 0.

Lemma 1.2. The following are equivalent:
(1) A is accretive and R(I + aA) = H for some a > 0,
(2) A is m-accretive,

(3) A is accretive and R(I + aA) = H for all o > 0.

Given an m-accretive operator A and a > 0, Lemma 1.2 implies that R(I + aA) = H,
and, consequently, D((I + a A)~') = H. Moreover, for any y € H, the problem of finding
x € H such that

(I+ad) Yy =2
admits a unique solution, since (I + o A)~! is a contraction on R(I + aA) = H as stated

in Lemma 1.1. Therefore, we may define the single-valued operators
Jo = (I +aA)™? Va>0,

which are called the resolvents of A. Observe that y = J, () if and only if 1 (z—y) € A(y),

whence
l(J;—Jo[(a:)) € A(Ja(x)) VeeH, Va>0. (1.1)

«

Proposition 1.1. Let A be an m-accretive operator on H. Then, A is maximal accretive,
i.e. if B is accretive and A C B, then A = B.

Proof. Let (x,y) € B and define z := (I + A)~'(y + x). Then, z € D(A) C D(B) and
y+xze I+ A)(z) C(I+B)(z),s0y+x—z¢€ B(z). Using that B is accretive with the
pair (z,y), (z2,y + = — z) € B, we deduce that

0<(y—(y+a—2),o-2)g=(-a+zz-2)ng=—|z-z|F,

which implies = z. Therefore, € D(A), and, since y + x € (I + A)(z), it follows that
y € A(x). Thus, (z,y) € A, as desired. O

Hereafter, if S is a subset of a topological space X, we denote by S the closure of S in
X.

Proposition 1.2. Let A be an m-accretive operator on H. Then, for all x € H, the set

A(z) is closed and convex.
Proof. Let us define the relation ACHxH by
(z,y) € A ifand only if z € D(A) and ye Az).

It is readily verified that A C A and that A is also accretive. By Proposition 1.1, it follows
that A = A. Thus, A(z) = A(z) for all 2 € D(A). This proves that A(z) is closed.
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On the other hand, to prove that A(z) is convex, we define A, C H x H by
(x,y) € Ac ifand only if 2 € D(A) and y € Conv(A(x)),

where Conv(A(x)) denotes the convex hull of A(z). As before, it is readily verified that
A C A and A, is also accretive. Hence, A. = A, which implies that for all z € D(A),
A(z) = Conv(A(x)), that is, A(x) is convex. This completes the proof. O

Proposition 1.3. Let A be an m-accretive operator on H and let {(Zn,Yn)}nen C A be
a sequence such that x,, — x and y, — y in H. Then
(1) If iminf (25, yu) 1 < (2,y)1, then (z,y) € A.
n—oo

n—oo

Proof.

(1) Consider the relation A := AU {(z,y)}. Clearly, A C A. Let us prove that A is
accretive. Since A is accretive, for all (u,v) € A,

0< (U —Yn,U — xn)H = (U)U)H - (van)H - (me)H + (yn7$n)H .

Then, taking liminf, using the assumption and the weak convergences,

0< (U7U)H - (va)H - (y7u)H + (y,.%')H = (:E —Yu _x)H'

Thus, A is accretive. Therefore, by Proposition 1.1, we conclude that A= A,
which means that (z,y) € A.

(2) If the limsup assumption holds, the liminf assumption of the previous item also
holds, and, thus, (z,y) € A. Then, using that A is accretive,

(Y —yn,z—an)g >0  VneN.
Taking lim inf, we obtain that

lim inf (ﬂjnayn)H > (gjyy)H7
n—00

which along with the limsup assumption, gives lim (x,,yn)g = (x,y)q, as de-
n—oo
sired.
]

Definition 1.2. Let A be an m-accretive operator on H. The Yosida approximations of

A are defined by
1

= a

Certainly, from (1.1) it follows that A,(x) € A(Ja(z)) for all x € H and a > 0.
Moreover, using once again the characterization of J, (1.1), it is straightforward to verify
that y = Ay () if and only if y € A(z — ay).

Since A is m-accretive, by Proposition 1.2, A(x) is closed and convex for all x € H.

Aq (I-J,) VYa>0.

This allows us to define the minimal section operator A° : H — H by

A%(@) = Proj s(s(0) = argmin [lylls -
yEA(x)

Theorem 1.3. Let A be an m-accretive operator on H.
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(1) Each A, is m-accretive and Lipschitz with constant 1/c.
(2) For each x € D(A), ||Aa(z)||g converges upward to ||A°(z)| u, lin%) Aq(x) = A%(x)
a—
and

14a(z) = A@) |5 < 1A°@)[17 — 1Aa(@)lF Yo >0, (1.2)

Proof. See [Sho97, Theorem IV.1.1]. O

2. TRANSITIONS: THE THEOREM OF KATO

An important tool in the development of the theory of abstract evolution equations is
the use of Yosida approximations. Later in this section, we shall prove Kato’s theorem,

which establishes the existence and uniqueness of a solution to the problem

%(t) + A(u(t)) s wul(t) + f(t) for ae. te(0,7),

where A is an m-accretive operator in the Hilbert space H, w > 0, f : [0,7] — H is abso-
lutely continuous and u(0) = ug. In general, if A is replaced by its Yosida approximation
Aq, with « > 0, the proof of existence and uniqueness becomes simpler. In this way, we
can construct a sequence of solutions u, corresponding to each approximated problem and
then show that lim u, exists and solves the original problem. Therefore, our first step

a—0
will be to prove the existence and uniqueness of the solution for each approximation.

Lemma 2.1. Let A be m-accretive in the Hilbert space H and w > 0. For each ug € D(A),
absolutely continuous f : [0,T] — H, and a > 0, there is a unique u, € C1([0,T], H),
such that ue(0) = ug and

dug

o (1) + Aa(ua(t)) = wua(t) + f(t) for a.e. te€[0,T]. (2.1)

Proof. If u, is a solution of (2.1), then by integrating (2.1) from 0 to t € (0, 7], we obtain

t
us(t) = u — A (ug(s WUy (s s)rds, .
(0 =+ [ { = Aaluale) +wuals) + £(5)} (22)
which motivates the definition of the operator ®, : C([0,T], H) — C([0,T], H) such that
for each v € C([0,T], H),
t
D, (v)(t) :==up +/ { — As(v(s)) +wu(s) + f(s)} ds Vtel0,T].

0

We shall consider the weighted norm |||/ : C([0,T], H) — R, for some A > 0 to be chosen
later, defined by

[vllx == sup e [o(®)lz  VveC(0,T],H),
0<t<T
which is equivalent to the usual norm in C([0,7], H). We now proceed to prove that @,

is a contractive operator on C([0,7], H) with this norm. Given vi,v2 € C([0,T], H), we
have

H‘Pa(vl)(t)—‘ba(W)(t)HHS/O {\\Aa(vl(S))—Aa(vz(S))|!H+w\\v1(3)—vz(S)HH}ds,
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whence using that A, is Lipschitz with constant 1/« (cf. Theorem 1.3) and denoting
L :=1/a+ w, we obtain that

[@a(v1)(t) = Pa(v2) ()|l < L /0 [01(s) — va(s)|| o ds

t
L
< Lo —vally [ & ds = flon = walla (¥ - ).
0
Thus,

L _ L
[@a(v1) — Pa(v2)]lx < 5 o1 —vafx sup (1—e ™)< 5 lvr — v2[lx-
0<t<T

Hence, by chosing A := 2L, we conclude that ®, is a contractive operator in the Banach
space C([0,T], H) with the norm || - |[x. Applying the Banach fixed-point theorem, we
deduce that there is a unique u, € C([0,T], H) such that ®,(u,) = uqs, which means
that (2.2) holds for all ¢t € [0,T], thereby implying (2.1). Moreover, since every term in
the integrand in (2.2) is continuous, it follows that the derivative of u, is also continuous.

Hence, u, € C*([0,T], H). This completes the proof. O

The following lemma, which is a version of the so-called Gronwall inequality, will be

used repeatedly in the main result of this section.

Lemma 2.2 (Gronwall inequality). Let a,b € LY(0,T) with b(t) > 0 a.e. in (0,T), and
let v:[0,T] — RT be an absolutely continuous function that satisfies, for some 0 < § < 1,

(1—8)v'(t) < a(t)v(t) + b(t) v (t) for a.e. te€][0,T].

Then, .
W15 (8) < w13(0) n(0) + / n(s)b(s)ds  Vte[0,T],
0
where .
n(s) := exp (/ a(§) dé) :
Proof. See [Sho97, Lemma IV.4.1]. O

We are now in a position to prove the existence and uniqueness of a solution to the
abstract evolution problem introduced at the beginning of this section. This result is
originally due to Kato [Kat53].

Theorem 2.3 (Kato). Let A be m-accretive in the Hilbert space H and w > 0. For
each uy € D(A) and absolutely continuous f : [0,T] — H, there is a unique absolutely
continuous u : [0,T] — H, such that u(0) = ug and

d

d—?(t) +A®u() dwult) + f(t)  for ae te(0,T). (2.3)

Furthermore, u is Lipschitz continuous and u(t) € D(A) for every t > 0.

Proof. We first prove uniqueness. Let u; and ug be two solutions of (2.3). Since A is

accretive, it follows that

5 = @) —w@)lf <wllu(t) —w®)|f  Vt=0,
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which, by using Gronwall inequality with 6 = 0 (cf. Lemma 2.2), yields
lur (t) = u2 ()|l < e ur(0) —uz(0)|r V¢ =0.

Thus, since u1(0) = u2(0) = ug, any solution, if it exists, must be unique.
Now, in order to prove existence, for each o > 0, we let u, € C1([0, 7], H) be the unique

solution (cf. Lemma 2.1) to

%a(t) + Aa(ua(®) =wua(t) + ft)  Vte[0,T], (2.4)

with u,(0) = ug. We observe that, if h > 0, then u,(t + h) is a solution of (2.4) with f(t)
replaced by f (¢t + h). Using the accretivity of A,, a few algebraic manipulations yield

1d
5 7 1ta(t + 1) = wa®)F < w ualt + h) = ()%

HIFE+R) = FOllm [[ualt +h) = ualt)||a -

By applying Gronwall inequality with 6 = 1/2 (cf. Lemma 2.2) and letting h — 0, we

arrive at

t
4 s < e | = Aatu) + o+ 7O+ [ )] s,

where the prime indicates differentiation in time. This, together with the fact that

[ Aa(uo)llrr < [|A°(uo)llar (cf. (1.2)), yields

t
lua (D)l < e | A% (uo) | + " [lwuo + fF(O)| + / N () lds. (25)
0

This implies that {ul,} is a bounded sequence in C([0,7], H). Moreover, from this fact
and employing (2.4), it follows that {uq} and {As(uq)} are also bounded in C([0,T7], H).

We now proceed to prove that the sequence {u,} is Cauchy in C([0,7], H). To this
end, let o, 5 > 0, and use (2.4) to obtain

1d ,
oW ua(t) — ug(t) |l

= wllua(t) = us®)lFr = (Aa(ua(t) — Ag(us(t)), ua(t) — us(t)) ;-

Writing u, = o Ay(us) + Ju(uy) for x € {a, 5}, and omitting the time dependence for

(2.6)

clarity, the last term in (2.6) can be rewritten as
(Aa(ua) - Aﬁ(uﬁ)vua - UB)H = (Aa(ua) - Aﬁ(uﬁ)a a Aa(ua) — BAB(UB))H
=+ (Aa(ua) - Aﬁ(uﬁ)’ Jo(ua) — Jﬂ(uﬁ))H .

As mentioned just below of Definition 1.2, we have A, (u.) € A(J.(uy)) for each x € {«, 5}.
This, along with the fact that A is accretive, implies that the last term in (2.7) is non-

(2.7)

negative. Thus,

(Aa(ua) = Ap(ug), ua —ug) 5 > (Aa(ua) — Ap(ug), a Aa(ua) — B Ag(ug)) - (2.8)
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By performing some algebraic manipulations and using Cauchy—Schwarz and Young’s
inequalities, we obtain that

(Aoc(ua) — Ap(up), ua — UB)H
> al|Aa(ua)llzr + B11As(us)|FH — (@ + 8) (Aa(ua), As(up))m

1
zawAuawn@{+ﬁuAﬁwﬁw%~—a(w&xuan%+—4nAaumn%)

=5 (§ 1alua) By + DAstus) Iy )

_a+p

> K2,

where K := sup {||Aa(ua(®))|lz : 0<t<T and o> 0}. Notice that this supremum
is indeed finite, as the sequence { A, (uq)} is bounded in C([0,T], H). Hence, upon writing
the time dependence explicitly again,

a+f
~(Aa(a (1)) — As(up(t)), ualt) —us0)) < P K2,
Putting this estimate into (2.6), we find that
d a+
7 lua(t) —us @ < 2 fua(t) —us @7 + —5— K2,

and using Gronwall inequality with 6 = 0 (cf. Lemma 2.2), we discover
Jua(t) ~us() < “P K2 @0 -1 vielo].
Therefore, {uq} is uniformly Cauchy and, consequently, there exists a function u €
C(]0,T], H) satisfying
leat) = u()l[f < 7 K2 (' =1)  Vie[0.T], Ya>0,
w
which, in particular, gives us that u, — u in L2(0,T; H). Since {A4(uq)}o is bounded
in C([0,T]; H), we also have that is bounded in L?(0,T; H), and, consequently, there
is a subsequence (not relabeled) such that A, (u,) — & in L2(0,T; H), for some ¢ €
L2(0,T; H). Analogously for {ul,},, it follows that there exists a subsequence weakly
convergent. Moreover, by taking o — 0 in the equation

t
ualt) =uo+ [ (o) ds.
0

we discover that u/, — «’. On the other hand, we recall from Definition 1.2 that u, —
Jo(ta) = o Aq(uq), which along with the boundedness of {Aq(us)}a yields

a—0
|ua — Jal(ua)llcqom,m) < allAa(ua)lleqor),m 2220,

whence J,(us) — u in C([0,T], H) and, thus, we also obtain convergence in L2(0,T; H).
Therefore, we can take limit in (2.4) to find that

u+E=wu+f in L*0,T;H). (2.9)
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It remains to prove that £ € A(u) to obtain (2.3). To that end, we introduce the realization
ACL?0,T;H) x L%(0,T; H) as a relation defined by

(z,w) € A if and only if w(t) € A(z(t)) forae. te (0,T). (2.10)
Since A is m-accretive in H, it is not difficult to see that A is m-accretive in L2(0,T; H).

Then, putting z, := Jo(uq) and y, = An(uq), we have that (z4,y.) € A. We already
know that z, — w in L2(0,T; H) and gy, — ¢ in L2(0,T; H). Consequently,

T T

0

| Gatt)atenmde <= [ ute) ) e (2.11)
0 0

By applying Lemma 1.3 to the realization A (cf. (2.10)) on the Hilbert space L2(0,T; H),

together with the sequences {z,} and {y,} and the convergence in (2.11), we obtain that

(u, &) € A; that is, £(t) € A(u(t)) for a.e. t € (0,T). Therefore, (2.9) becomes
o' (t) + A(u(t)) 2 wul(t) + f(t) for ae. te(0,7),

which proves (2.3). Furthermore, since u, — uin C([0,T], H), we have that u(0) — u(0),
i.e. u(0) = ug. We now prove that u is Lipschitz continuous. In fact, each u, is Lipschitz,
since for all t > s,

[ (t) = ua(s)llm < / lua(t) — ug ()l < C (t = s),

where C'is independent of ¢ and s, owing to the uniformly boundedness of u), (cf. (2.5)).

Hence,
[u(t) = u(s)llm = lm [[ua(t) — ua(s)lla < C(t—s),
so u is Lipschitz continuous. This completes the proof. O

3. INTERLUDE: SEMI-INNER PRODUCT SPACES AND DUALITY

Let E be a vector space endowed with the inner product (-,-). We assume that F
is a pre-Hilbert space, i.e. F with the induced norm is not necessarily complete. Recall
that the dual space E’, endowed with the usual dual norm || - ||/ is a Banach space. Let
T : E — E’ be the map defined by

[T (u),v] := (u,v) Vu,vekl,

where [-, -] denotes the dual pairing between E’ and E. It is easy to show that T is a
linear isometry, so it is injective. Notice that if T were surjective, then it would coincide
with the Riesz map and E would be complete, which, in general, is not the case here. Our
purpose is to show that R(T') is dense in F’ and that E’ is actually a Hilbert space. To
that end, we first define the inner product ((+,-)) : R(T) x R(T) — R by

(f,9) =TT g) VS ygeRT),
which is well defined due to the injectivity of 7. We now extend this definition to R(T')

by density. Let f,g € R(T) and { f, }nen, {gn}tnen C R(T) such that f, — f and g, — g
in E/. We define

(£,9) = lm (T (fn), T~ (gn)) (3.1)

n—oo
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This definition clearly extends the previous one. We proceed to prove that ((-,-)) is prop-
erly defined, which means that the limit exists and the definition does not depend on
the particular sequences. To prove the former, we use the triangle and Cauchy—Schwarz

inequalities along with the fact that T is an isometry to obtain

(T (Fa), T gn)) = (T (), T gm))|
= ’(T_l(fn) - T_l(fm)vT_l(gn)) + (T_l(fm)a T_l(gn) - T_l(gm))‘
< N7 (Fn) = T ) HITH g+ 1T ) HIT ™ (g0) = T (gim) |

n,M—00

= fo = fmllE lgnller + 1 fuller llgn — gmller — 0.

Thus, {(T71(fn), T~ (gn)) }nen is Cauchy in R, and, consequently, it is convergent.

On the other hand, (3.1) does not depend on the particular choice of sequences. In fact,
let {fpn nen, {Gntnen C R(T) be another pair of sequences satisfying that f, — f and
gn — g in E’'. Then,

(T () T Hgn)) = (T (), T ()]
= (T () =T (fa), T (90)) + (T () T~ gn) = T (Gn)|
<77 (fn) = THENTHga) | H 1T EINT™Hgn) = TG0l
n—oo

= an - anE’ HgnHE’ + ”anE’ Hgn - gnHE’ EE— 07

so the limits coincide, which proves that (3.1) is well defined.
Now, notice that ((f, f)/? = || f||g for all f € R(T). Therefore, we have proven that
(R(T), (+,-) is a Hilbert space. In what follows, we prove that R(T) = E'.

Given f € E', we may define ¢ : R(T') — R by
(67, 9] = lim [f,T"Y(gn)] Vg€ RT),

where {g,}nen denotes any sequence in R(T') such that g, — g in E’. Analogously as

before, it can be proven that this definition does not depend on the choice of the sequence.
Furthermore, it is straightforward to prove that ¢; € R(T )/. Since R(T) is a Hilbert
space, we may use the Riesz representation theorem to deduce that there exists a unique
f € R(T) such that

6r.9)=(F9)  VgeRTD).
Moreover, given a sequence {fn}neN C R(T) converging to f, we have that, for all g €
R(T),

~ ~

(f,9) = lim (T~ (fa), T~ (9)) = lim [T(T~}(fa)), T~ (9)]

= lim (£, 7 (9)] = [F, T} (9)].
Then,

- flo= s LS o USLT@N ) Brd = (9)
otucr  ||ull o£ger(ry 1T H9)ll Osoe R(T) gl

which means that f = f. Hence, f € R(T) and, consequently, R(T) = E’. In particular,
E'’ is a Hilbert space.
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Certainly, we have shown that F’ is a Hilbert space containing a dense subspace that
is isometrically isomorphic to E. The unique space satisfying these properties, up to
isometric isomorphism, is the completion of E. Hence, E’ can be identified with the

completion of . We summarize these results in the following theorem.

Theorem 3.1. Let E be a vector space endowed with the inner product (-,-). Then, E' is
a Hilbert space and it is identified with the completion of E.

For the purposes of this manuscript, the situation in which the vector space F is endowed
with a semi-inner product is even more relevant. In this case, we can also obtain a similar
result. We shall consider then the following setting. Denote by E* the algebraic dual of
E and let N : E — E* be a linear, symmetric and monotone operator, and define the
semi-inner product

()« ExE — R
(7,y) = (z,y)« = [N(2),9].
Denote by |- |« the induced seminorm and by E, the corresponding seminormed space.
Let K be the kernel of M. The topological dual of E, is defined as

Bi={feB'| 3C>0:VacE : |f@|<Clal},

and it is endowed with the norm

| fllE, == sup |/ (w)]

VfeE,.
ueE\K |u‘*

Now, define the quotient space
E, ::E/lCz{[u] : uGE}, where [u] := {UEE : v—uEIC},

and the quotient map 7 : E — E, by m(u) := [u] for all u € E. We endow the space E,
with the inner product
(u, i)\)E* = (U, ), (3.2)

for all 4,7 € E,, where u € 7~ (@) and v € 7 (7). It is casy to verify that this definition
does not depend on the particular choice of representative of each class. Denote by || - ||z
the induced norm and by W the completion of E,. Hence, by Theorem 3.1, it follows that
Efk is a Hilbert space and it is isometrically isomorphic to W.

Since W is the completion of E*, there exists a linear and bounded operator j : E* — W
that is injective, isometric and has dense range. Let us define the linear and continuous
operator q := jow : B, — W. Notice that

la()llw = i (@(@)lw = [I7()llg, = lul  Yue B,

so ker(q) = K, which means that ¢ is not injective. In addition, since 7 is surjective and
j has dense range, it follows that ¢ has dense range. Let us introduce the adjoint of ¢ as
the operator ¢’ : W’ — E! defined by

¢(f)=1foq VfeW, (3-3)

which is a linear and bounded operator. It is straightforward to prove that ¢’ is an

isometry. Since W/ and E/ are normed vector spaces, this fact implies that ¢’ is injective.
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We proceed to prove that it is also surjective. Let g € E!, and define the map g : E, >R
by
@) :=g(u) ViekE, with uer (7).
Using that ¢ is continuous in F, it can be proven that g is well defined, meaning that
it does not depend on the representative of the class. Moreover, g € E\fk Then, we may
define f: R(j) — R by
flw) :==g(~ (w)),

which is properly defined, since j is injective. One can verify that f is a bounded and
linear functional on R(j). By Hahn-Banach theorem, it follows that there is a continuous

linear extension F' € W’. We now notice that, for each u € Ej,

¢ (F)(u) = F(q(u)) = F(j(r(w))) = f(j(r(w))) = G(r(u)) = g(u),

which means that ¢'(F) = g. Therefore, ¢’ is surjective.
We have shown that ¢’ is an isometric isomorphism between W’ and E.. Since W is a
Hilbert space, the Riesz representation theorem implies that W and W' are isometrically

isomorphic. We thus obtain the following result.

Theorem 3.2. Let E be a real vector space and let N : E — E* be a linear, symmetric
and monotone operator, whose kernel is denoted by K. Let (+,-). be the semi-inner product
induced by N, and denote by | - |« the corresponding seminorm. Set E, := (E,| - |.) and
define the quotient space E, = E/K endowed with the inner product (3.2). Furthermore,
let W denote the completion of E, and let T be the isometric isomorphism from E; onto
W. Additionally, let R : W — W' be the Riesz mapping and ¢’ : W' — E. be defined as
in (3.3). Then, we have the following isometric isomorphisms:

!

B, Lo w R w s B

4. FINALE: SOLVABILITY OF AN EVOLUTION PROBLEM

In what follows, we adopt the same notations and definitions as in Theorem 3.2 and,
additionally, we consider a monotone operator M : D — E!, where D C E is the domain
of M. In this section, our aim is to study the solvability of the problem

d

T W @®)) + M(u(t)) = f(t) forae 0<t<T,
where f : [0,7] — E, and u(0) = ug are given. To this end, we employ the tools developed
in the previous section to reformulate this problem within the framework of Kato’s theorem
(cf. Theorem 2.3).

Using the definitions of (-,-)« and (-,-)5 , together with the fact that j is an isometry
and the definition of the mapping ¢ (cf. (3.3)), we find that, for all z,y € E,

N(@), 9] = (2, 9)« = (n(2),7(y) 5, = ((7(2)),5(7(y)w = (¢(2),q()w .  (4.1)
Moreover, employing now the Riesz map R : W — W' which satisfies

R(v),w] = (v,w)w Yo, weW,
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and the definition of ¢’ (cf. (3.3)), the identity (4.1) is rewritten as

W(z),y] = [R(q(2),q)] = [(¢ oRoq)(x),y] Vz,yekE,

which proves the following factorization of N,
N=¢goRogq. (4.2)

On the other hand, to obtain a similar factorization for M, let us introduce the relation
Mo C W x W' defined by

g€ My) ifandonlyif Jx €D : q(z)=7 and ¢ (g9) = M(x). (4.3)

In general, M is not a single-valued operator, since ¢ is not injective. Observe also that
D(My) = {q(z) € W : z € D}. Moreover,

M=d o Myoq. (a4

The following lemma presents two equivalences that relate all these operators. The proof
follows directly from (4.2), (4.3), and (4.4), and is therefore omitted.

Lemma 4.1. There hold:
(1) For each = q(z) € W, ¢'(g) = M(z) if and only if g € My(Z), and, in this case,
we have [¢'(g),z] = g(%).
(2) The equality ¢'(g) = (N + M)(z) holds if and only if g € (R + My)(q(x)).

Using this lemma, it is straightforwardly obtained the following result.

Corollary 4.2. There hold:
(1) M : D — E. is monotone if and only if My : D(Mgy) — W' is monotone.
(2) ¢ is a bijection of R(R + My) onto R(N + M).

We are finally ready to establish the main result of this note.

Theorem 4.3. Let the linear, symmetric and monotone operator N be given from the real
vector space E to its algebraic dual E*, and let E! be the Hilbert space which is the dual
of the seminormed space (E, |- |«), where

lz|, = [NM(z),2]"? VzeE.
Let M : D — E. be a monotone operator, with D C E, and suppose that RIN + M) = E..
Then, for each f € WHL(0,T; EL) and for each ug € D, there is a solution u : [0,T] — E
of
d
— (N(u(t)) + M(u(t)) = f(t) forae 0<t<T, (4.5)

dt
with

N(u) € W0, T;EL), wu(t)eD forall 0<t<T, and N(u(0))=N(up).
Proof. We begin by showing that the existence of a solution to (4.5) is equivalent to the

existence of a solution to a related problem formulated within the framework of (2.3).
Suppose that u : [0,7] — E is a solution to (4.5). Then, since ¢ : W/ — E/ is an
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isomorphism, by combining (4.2) and (4.4), we find that u := Rogou : [0,T] — W’

satisfies R
du

dt
where f := (¢')"'of. Observe that we have lost the equality, which has been replaced by an

(t) + (Moo R™D(@(t) > f(t) forae. 0<t<T, (4.6)

inclusion, since My is not a single-valued operator. We now suppose that @ : [0, 7] — W’
solves (4.6). Then, R~! o 7i(t) € D(My) for a.e. t € (0,T), which implies that, for almost
every t, there exists u(t) € D such that R~ o @(t) = q(u(t)). Hence, using once again
the isomorphism ¢’ together with (4.2) and (4.4), we deduce that u satisfies the original
equation (4.5).

Now, in order to use Theorem 2.3, we must prove that Mgo R~ C W/ x W' is an m-
accretive operator. Since M is monotone, by Corollary 4.2 it follows that M is monotone.
Then, for all (fi,g;) € W’ x W’ such that (Moo R1)(f;) = gi, i € {1,2}, there holds

(91— g2, f1 — f)wr = (R7Hg1 — 92), R (fiL — fo))w = [g1 — 92, R™(f1 — fo)]
= [Mo(R(f1)) = Mo(R™(f2)), R™'(f1) = R (f2)] > 0,

where we used the monotonicity of M. This proves that MyoR ! is accretive. It remains
to prove the range condition R(I + Mgo R~!) = W’. From the hypothesis on the range
and Corollary 4.2, we have that ¢’ is a bijection of R(R + M) onto E’. This means that
R(R + My) = W'. Thus, for all g € W, there exists w € W such that

(R+Mop)(w) =g.

Since R is an isomorphism, the above equation is equivalent to say that for all g € W',
there exists f € W’ such that

(I+MooR™)(f) =19,

where f = R(w). Thus, R(I + Moo R 1) = W’. Therefore, Mo R~! is m-accretive.
Finally, by applying Theorem 2.3 in the context of (4.6), we conclude the desired result.
]
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